
Constrained trajectory optimization

Augmented Lagrangian trajectory optimization with ProxDDP



Note: to simplify presentation, all the ht are now equality constraints.

The terminal stage value function looks like

VN(x) = max
ν

ℓN(x) + ν⊤hN(x)−
µk

2
∥ν − νk∥2

= ℓN(x) +
1

2µk
∥hN(x) + µkν

k∥2 − µk

2
∥νk∥2.

(27)

The proximal Bellman recursion is

Vt(x) = min
u,x ′

max
ν,λ

{
Qt(x , u, λ, ν, x

′)− µk

2
∥λ− λk

prox. iteration

∥2 − µk

2
∥ν − νk∥2

}
(28)

where

Qt(x , u, λ, ν, x
′)

def
= ℓt(x , u) + ν⊤ht(x , u) + λ⊤(ft(x , u)− x ′) + Vt+1(x

′). (29)
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General principle. Solve recursion DDP/iLQR-style with a quadratic model!

Recursion hypothesis. We posit that the next-step value function variation is

δVt+1(δx) ≈ p⊤t+1δx +
1

2
δx⊤Pt+1δx . (30)

Goal. Close the recursion, by using Bellman’s equation!
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Then, solve for (δut , δνt , δλt+1, δxt+1) as functions of δxt as follows:
Rt D⊤

t B⊤
t

Dt −µk I

Bt −µk I −I
−I Pt+1


︸ ︷︷ ︸

def
=Kt


δut

δνt

δλt+1

δxt+1

 = −


rt + S⊤

t δxt

d̄k
t − µkνt + Ctδxt

s̄kt − µkλt+1 + Atδxt

pt+1

 (31)

where, d̄k
t = dt + µkν

k
t , s̄

k
t = st + µkλ

k
t+1.

As δxt is unknown, we can (in DDP fashion)

extract a parametric solution in feedforward/feedback form:
kt Kt

ζt Zt

ξt+1 Ξt+1

mt Mt

 = −K−1
t


rt S⊤

t

d̄k
t − µkνt Ct

s̄kt − µkλt+1 At

pt+1 0

 (32)
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The value function model update is given by

Pt = Qt + StKt + C⊤
t Zt + B⊤

t Ξt+1 (33a)

pt = qt + Stkt + C⊤
t ζt + B⊤

t ξt+1 (33b)

such that δVt(δx) ≈ p⊤t δx + 1
2δx

⊤Ptδx .

Thereby closing the recursion.



Initial stage. The initial stage constraint is x̄0 − x0 = 0.

The update (δx0, δλ0) satisfies[
P0 −I
−I −µk I

][
δx0

δλ0

]
= −

[
p0

x̄0

]
(34)

This leaves the way open to some extensions, e.g. initial constraints g0(x0) = 0.



Linear vs. nonlinear rollouts

Once (δx0, δλ0) is computed, we can reconstruct the update for the trajectory:

Linear rollout (a.k.a. SQP)

δut = kt + Ktδxt (35a)

δνt = ζt + Ztδxt (35b)

δλt+1 = ξt+1 + Ξt+1δxt (35c)

δxt+1 = mt +Mtδxt (35d)

Nonlinear rollout (DDP-style)

u+t = ut + kt + Ktδxt (36a)

ν+t = νt + ζt + Ztδxt (36b)

λ+
t+1 = λt+1 + ξt+1 + Ξt+1δxt (36c)

x+t+1 = ft(x
+
t , u+t )− µkλ

+
t+1 (36d)

δxt+1 = x+t+1 − xt+1 (36e)



Read the preprint!
Library to be publicly released soon

(multi-team effort, please contribute!).
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[3] A. Wächter and L. T. Biegler, “On the implementation of an interior-point filter line-search algorithm

for large-scale nonlinear programming,” Mathematical Programming, vol. 106, no. 1, pp. 25–57, Mar.

2006, issn: 0025-5610, 1436-4646. doi: 10/c6j59p. [Online]. Available:

http://link.springer.com/10.1007/s10107-004-0559-y (visited on 11/12/2021).

[4] A. R. Conn, N. I. M. Gould, and P. L. Toint, Lancelot: A Fortran Package for Large-Scale Nonlinear

Optimization (Release A), 1st ed. Springer Publishing Company, Incorporated, Nov. 2010, 330 pp., isbn:

978-3-642-08139-2.

http://books.google.com/books?id=1TiOka9bx3sC
https://doi.org/10.2307/20453604
https://doi.org/10/c6j59p
http://link.springer.com/10.1007/s10107-004-0559-y


[5] J. Nocedal and S. J. Wright, Numerical Optimization (Springer Series in Operations Research), 2nd ed.

New York: Springer, 2006, 664 pp., isbn: 978-0-387-30303-1.

[6] D. Goldfarb and A. Idnani, “A numerically stable dual method for solving strictly convex quadratic

programs,” Mathematical Programming, vol. 27, no. 1, pp. 1–33, Sep. 1, 1983, issn: 1436-4646. doi:

10.1007/BF02591962. [Online]. Available: https://doi.org/10.1007/BF02591962 (visited on

12/06/2023).

[7] A. Conn, N. Gould, and P. Toint, “A globally convergent augmented lagrangian algorithm for

optimization with general constraints and simple bounds,” SIAM Journal on Numerical Analysis, vol. 28,

Apr. 1, 1991. doi: 10.1137/0728030.

https://doi.org/10.1007/BF02591962
https://doi.org/10.1007/BF02591962
https://doi.org/10.1137/0728030


[8] J. Carpentier, R. Budhiraja, and N. Mansard, “Proximal and sparse resolution of constrained dynamic

equations,” in Robotics: Science and Systems XVII, Robotics: Science and Systems Foundation, Jul. 12,

2021, isbn: 978-0-9923747-7-8. doi: 10.15607/RSS.2021.XVII.017. [Online]. Available:

http://www.roboticsproceedings.org/rss17/p017.pdf (visited on 11/10/2022).

[9] B. Stellato, G. Banjac, P. Goulart, A. Bemporad, and S. Boyd, “Osqp: An operator splitting solver for

quadratic programs,” Mathematical Programming Computation, vol. 12, no. 4, pp. 637–672, Dec. 2020,

issn: 1867-2949, 1867-2957. doi: 10.1007/s12532-020-00179-2. [Online]. Available:

http://link.springer.com/10.1007/s12532-020-00179-2 (visited on 01/23/2021).

[10] H. J. Ferreau, C. Kirches, A. Potschka, H. G. Bock, and M. Diehl, “Qpoases: A parametric active-set

algorithm for quadratic programming,” Mathematical Programming Computation, vol. 6, no. 4,

pp. 327–363, Dec. 1, 2014, issn: 1867-2957. doi: 10.1007/s12532-014-0071-1. [Online]. Available:

https://doi.org/10.1007/s12532-014-0071-1 (visited on 12/06/2023).

https://doi.org/10.15607/RSS.2021.XVII.017
http://www.roboticsproceedings.org/rss17/p017.pdf
https://doi.org/10.1007/s12532-020-00179-2
http://link.springer.com/10.1007/s12532-020-00179-2
https://doi.org/10.1007/s12532-014-0071-1
https://doi.org/10.1007/s12532-014-0071-1


[11] B. Hermans, A. Themelis, and P. Patrinos, “Qpalm: A newton-type proximal augmented lagrangian

method for quadratic programs,” 2019 IEEE 58th Conference on Decision and Control (CDC),

pp. 4325–4330, Dec. 2019. doi: 10.1109/CDC40024.2019.9030211. arXiv: 1911.02934. [Online].

Available: http://arxiv.org/abs/1911.02934 (visited on 04/01/2021).

[12] A. De Marchi, “On a primal-dual newton proximal method for convex quadratic programs,”

Computational Optimization and Applications, vol. 81, no. 2, pp. 369–395, Mar. 2022, issn: 0926-6003,

1573-2894. doi: 10.1007/s10589-021-00342-y. [Online]. Available:

https://link.springer.com/10.1007/s10589-021-00342-y (visited on 02/18/2022).

[13] A. Bambade, F. Schramm, S. E. Kazdadi, S. Caron, A. Taylor, and J. Carpentier, Proxqp: An efficient

and versatile quadratic programming solver for real-time robotics applications and beyond, Sep. 1,

2023. [Online]. Available: https://inria.hal.science/hal-04198663 (visited on 12/06/2023).

https://doi.org/10.1109/CDC40024.2019.9030211
https://arxiv.org/abs/1911.02934
http://arxiv.org/abs/1911.02934
https://doi.org/10.1007/s10589-021-00342-y
https://link.springer.com/10.1007/s10589-021-00342-y
https://inria.hal.science/hal-04198663


[14] R. T. Rockafellar, “Augmented lagrangians and applications of the proximal point algorithm in convex

programming,” Mathematics of Operations Research, vol. 1, no. 2, pp. 97–116, 1976, issn: 0364-765X.

JSTOR: 3689277. [Online]. Available: https://www.jstor.org/stable/3689277 (visited on

03/18/2021).

[15] W. Li and E. Todorov, “Iterative linear quadratic regulator design for nonlinear biological movement

systems,” in Proceedings of the First International Conference on Informatics in Control, Automation and
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