
Constrained trajectory optimization

Augmented Lagrangian trajectory optimization with ProxDDP



Note: to simplify presentation, all the ht are now equality constraints.

The terminal stage value function looks like

VN(x) = max
ν

ℓN(x) + ν⊤hN(x)−
µk

2
∥ν − νk∥2

= ℓN(x) +
1

2µk
∥hN(x) + µkν

k∥2 − µk

2
∥νk∥2.

(27)

The proximal Bellman recursion is

Vt(x) = min
u,x ′

max
ν,λ

{
Qt(x , u, λ, ν, x

′)− µk

2
∥λ− λk

prox. iteration

∥2 − µk

2
∥ν − νk∥2

}
(28)

where

Qt(x , u, λ, ν, x
′)

def
= ℓt(x , u) + ν⊤ht(x , u) + λ⊤(ft(x , u)− x ′) + Vt+1(x

′). (29)
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General principle. Solve recursion DDP/iLQR-style with a quadratic model!

Recursion hypothesis. We posit that the next-step value function variation is

δVt+1(δx) ≈ p⊤t+1δx +
1

2
δx⊤Pt+1δx . (30)

Goal. Close the recursion, by using Bellman’s equation!
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Then, solve for (δut , δνt , δλt+1, δxt+1) as functions of δxt as follows:
Rt D⊤

t B⊤
t

Dt −µk I

Bt −µk I −I
−I Pt+1


︸ ︷︷ ︸

def
=Kt


δut

δνt

δλt+1

δxt+1

 = −


rt + S⊤

t δxt

d̄k
t − µkνt + Ctδxt

s̄kt − µkλt+1 + Atδxt

pt+1

 (31)

where, d̄k
t = dt + µkν

k
t , s̄

k
t = st + µkλ

k
t+1.

As δxt is unknown, we can (in DDP fashion)

extract a parametric solution in feedforward/feedback form:
kt Kt

ζt Zt

ξt+1 Ξt+1

mt Mt

 = −K−1
t


rt S⊤

t

d̄k
t − µkνt Ct

s̄kt − µkλt+1 At

pt+1 0

 (32)
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The value function model update is given by

Pt = Qt + StKt + C⊤
t Zt + B⊤

t Ξt+1 (33a)

pt = qt + Stkt + C⊤
t ζt + B⊤

t ξt+1 (33b)

such that δVt(δx) ≈ p⊤t δx + 1
2δx

⊤Ptδx .

Thereby closing the recursion.



Initial stage. The initial stage constraint is x̄0 − x0 = 0.

The update (δx0, δλ0) satisfies[
P0 −I
−I −µk I

][
δx0

δλ0

]
= −

[
p0

x̄0

]
(34)

This leaves the way open to some extensions, e.g. initial constraints g0(x0) = 0.



Linear vs. nonlinear rollouts

Once (δx0, δλ0) is computed, we can reconstruct the update for the trajectory:

Linear rollout (a.k.a. SQP)

δut = kt + Ktδxt (35a)

δνt = ζt + Ztδxt (35b)

δλt+1 = ξt+1 + Ξt+1δxt (35c)

δxt+1 = mt +Mtδxt (35d)

Nonlinear rollout (DDP-style)

u+t = ut + kt + Ktδxt (36a)

ν+t = νt + ζt + Ztδxt (36b)

λ+
t+1 = λt+1 + ξt+1 + Ξt+1δxt (36c)

x+t+1 = ft(x
+
t , u+t )− µkλ

+
t+1 (36d)

δxt+1 = x+t+1 − xt+1 (36e)



Read the preprint!
Library to be publicly released soon

(multi-team effort, please contribute!).
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