
Collision Detection for  
Rigid-Body Physics Simulation
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Collision detection 
Finding contact points

Collision resolution  
Finding contact forces using 

physic principles

Time integration 
Update quantities
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What is a physics simulator?



What is collision detection?
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What is collision detection?
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HPP-FCL tutorial
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M1

M2

?

In the terminal:

In a python script:



Collision detection is a computational bottleneck
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- ABA: ~ 1-10 micro-seconds 
- Collision detection timing for 1 pair  

of objects: ~ 1-10 micro-seconds 
- Contact solving: ~1-10 micro-seconds
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Collision detection is a computational bottleneck
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- ABA: ~ 1-10 micro-seconds 
- Collision detection timing for 1 pair  

of objects: ~ 1-10 micro-seconds 
- Contact solving: ~1-10 micro-seconds

N objects in a scene  
-> O(N x N) possible collision pairs!
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Part I - The Broad Phase
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Bounding volumes
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- Use bounding volumes (BVs) to prune collisions

- Only check overlapping BVs
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Bounding volumes
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Credit: Real-time Collision Detection, Ericson



Bounding volumes
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Credit: Real-time Collision Detection, Ericson



Broad phase with a dynamic tree of any BVs
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Credit: Real-time Collision Detection, Ericson



Broad phase with AABBs - Sweep and Prune (SaP)
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Credit: Real-time Collision Detection, Ericson



Broad phase with AABBs - Sweep and Prune (SaP)

14Louis Montaut - Collision Detection

Credit: Real-time Collision Detection, Ericson



Part I conclusion - What is collision detection?
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?

?
?

Avoid computing collisions as much as possible



Part II - The Narrow Phase
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Collision detection: convex shapes decomposition
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Credit: https://github.com/Unity-Technologies/VHACD
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https://github.com/Unity-Technologies/VHACD


Narrow Phase Collision detection
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min
x1∈𝒜1,x2∈𝒜2

1
2

| |x1 − x2 | |2

?
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Problem formulation
min

x1∈𝒜1,x2∈𝒜2

1
2

| |x1 − x2 | |2 min
x1,x2

1
2

| |x1 − x2 | |2

s.t. A1x1 ≤ b1
A2x2 ≤ b2

If the shapes  
are meshes
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As many constraints 
as the number of faces 
in each polytope!
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ProxQP vs. GJK

20
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If the shapes  
are meshes
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ProxQP vs. GJK
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ProxQP vs. GJK
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min
x1∈𝒜1,x2∈𝒜2

1
2
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1
2

| |x1 − x2 | |2

s.t. A1x1 ≤ b1
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If the shapes  
are meshes
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GJK - Gilbert, Johnson & Keerthi
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Elmer G. Gilbert Daniel W. Johnson S. Sathiya Keerthi
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What is GJK?  
Why is it so fast? 

GJK = Acceleration of 
Frank-Wolfe 
applied to a Minimum 
Norm Point problem (MNP)

- MNP? 
- Frank-Wolfe? 
- Acceleration?
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GJK - Gilbert, Johnson & Keerthi



Recasting the collision problem to a MNP
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Broad Phase

Narrow Phase

No collision

𝒟 = 𝒜1 − 𝒜2 = {x = x1 − x2, x1 ∈ 𝒜1 x2 ∈ 𝒜2}
The Minkowski difference:
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Recasting the collision problem to a MNP
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Broad Phase

Narrow Phase

𝒟 = 𝒜1 − 𝒜2 = {x = x1 − x2, x1 ∈ 𝒜1 x2 ∈ 𝒜2}
The Minkowski difference:

No collision Collision
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Recasting the collision problem to a MNP
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Broad Phase

Narrow Phase

min
x1∈𝒜1,x2∈𝒜2

1
2

| |x1 − x2 | |2 min
x∈𝒟

1
2

| |x | |2

MNP

Broad Phase

Narrow Phase

𝒟 = 𝒜1 − 𝒜2 = {x = x1 − x2, x1 ∈ 𝒜1 x2 ∈ 𝒜2}
The Minkowski difference:

No collision Collision
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Recasting the collision problem to a MNP
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Broad Phase

Narrow Phase

min
x1∈𝒜𝒜




      min
x∈𝒟




  

MNP

Broad Phase

Narrow Phase

𝒟  𝒜  𝒜         𝒜   𝒜
The Minkowski diff

No collision Collision

      Problem: the Minkowski difference is intractable.  
      Solution: work implicitly with the Minkowski difference  
      Algorithm: Frank-Wolfe
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The Frank-Wolfe algorithm
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−

min
x∈𝒟

f(x) f 𝒟convex, convex
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The Frank-Wolfe algorithm
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Collision detection: 

f(x) =
1
2

| |x | |2

𝒟 Minkowski difference of two shapes 

min
x∈𝒟

f(x)
−

f 𝒟convex, convex
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The Frank-Wolfe algorithm
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min
x∈𝒟

f(x)

Frank-Wolfe = “constrained gradient descent”

−

f 𝒟convex, convex
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The Frank-Wolfe algorithm
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min
x∈𝒟

f(x)

Frank-Wolfe = “constrained gradient descent”:

Step 1: Compute gradient                at current iterate  ∇f(xk) xk

−

f 𝒟convex, convex
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The Frank-Wolfe algorithm

33

min
x∈𝒟

f(x)

Frank-Wolfe = “constrained gradient descent”:

Step 1: Compute gradient                at current iterate  

Step 2: Compute point                 “most” in direction  
 
              -> support point  

∇f(xk) xk

sk ∈ 𝒟 −∇f(xk)
sk = argminy∈𝒟 < y, ∇f(xk) >

−

f 𝒟convex, convex
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The Frank-Wolfe algorithm
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min
x∈𝒟

f(x)

Frank-Wolfe = “constrained gradient descent”:

Step 1: Compute gradient                at current iterate  

Step 2: Compute point                 “most” in direction  
 
              -> support point  

Step 3: Move towards       and repeat steps 1-3 

∇f(xk) xk

sk ∈ 𝒟 −∇f(xk)
sk = argminy∈𝒟 < y, ∇f(xk) >

sk

−

+1

f 𝒟convex, convex
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The Frank-Wolfe algorithm
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min
x∈𝒟

f(x)
−

f 𝒟convex, convex

Frank-Wolfe = “constrained gradient descent”:
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sk
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The Frank-Wolfe algorithm
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min
x∈𝒟

f(x)
−

f 𝒟convex, convex

Frank-Wolfe = “constrained gradient descent”:

Step 1: Compute gradient                at current iterate  

Step 2: Compute point                 “most” in direction  
 
              -> support point  

Step 3: Move towards       and repeat steps 1-3 

∇f(xk) xk

sk ∈ 𝒟 −∇f(xk)
sk = argminy∈𝒟 < y, ∇f(xk) >

sk
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The Frank-Wolfe algorithm

37

min
x∈𝒟

f(x)
−

?

f 𝒟convex, convex

Frank-Wolfe = “constrained gradient descent”:

Step 1: Compute gradient                at current iterate  

Step 2: Compute point                 “most” in direction  
 
              -> support point  

Step 3: Move towards       and repeat steps 1-3 

∇f(xk) xk

sk ∈ 𝒟 −∇f(xk)
sk = argminy∈𝒟 < y, ∇f(xk) >

sk
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Recap of collision detection with Frank-Wolfe
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Recap of collision detection with Frank-Wolfe
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min
x1∈𝒜1,x2∈𝒜2

1
2

| |x1 − x2 | |2 min
x∈𝒟

1
2

| |x | |2

MNP
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Recap of collision detection with Frank-Wolfe
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min
x1∈𝒜1,x2∈𝒜2

1
2

| |x1 − x2 | |2 min
x∈𝒟

1
2

| |x | |2

MNP

Frank-Wolfe = “constrained gradient descent”, needs to compute support points:

s = argminy∈𝒟 < y, ∇f(x) >
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Computing support points on a Minkowski difference
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Rigid-body algorithms (ABA, CRBA etc.)

S𝒜(d) = argmin 
x∈𝒜

xTd

s1 ∈ S𝒜1
(d)

s2 ∈ S𝒜2
(−d)

s = s1 − s2 ∈ S𝒟(d)
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Computing support points on shapes
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Rigid-body algorithms (ABA, CRBA etc.)

S𝒜(d) = argmin 
x∈𝒜

xTd
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Computing support points on shapes
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Rigid-body algorithms (ABA, CRBA etc.)

Can be computed very efficiently 
 for most shapes

S𝒜(d) = argmin 
x∈𝒜

xTd
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Recap of collision detection with Frank-Wolfe
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min
x1∈𝒜1,x2∈𝒜2

1
2

| |x1 − x2 | |2 min
x∈𝒟

1
2

| |x | |2

MNP

Frank-Wolfe = “constrained gradient descent”, needs to compute support points:

s = argminy∈𝒟 < y, ∇f(x) >
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Frank-Wolfe zigzags
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From Frank-Wolfe to GJK
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From Frank-Wolfe to GJK
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Optimal solution can be described by a simplex



Nesterov accelerated Frank-Wolfe (or GJK)
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HPP-FCL vs. The Rest of The World
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HPP-FCL
Nesterov (ours)

HPP-FCL
Polyak (ours)

HPP-FCL
GJK (ours)

CCD MPR CCD GJK FCL GJK Bullet GJK

1.0

10.0

100.0

T
µ
,
[µ

s]

Close-proximity - Boolean collision check
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Expanding Polytope Algorithm - an extension of GJK

Separation vector: 
Vector of smallest norm such that 

if shapes are translated by it,  
they don’t overlap



Part III - Beyond Collision Detection: 
Differentiable Collision Detection
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Witness points are a function of the shapes placements
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x*1 (T), x*2 (T) = argmin | |x1 − x2 | |2
2

s.t. x1 ∈ 𝒜1, x2 ∈ 𝒜2(T)

SOTA algos: 
GJK + EPA

Witness points are a function of the shapes placements
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x*1 (T), x*2 (T) = argmin | |x1 − x2 | |2
2

s.t. x1 ∈ 𝒜1, x2 ∈ 𝒜2(T)

∂x*1 (T)
∂T

,
∂x*2 (T)

∂T

If we move the shapes,  
how do the blue points move?

Witness points are a function of the shapes placements
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OK Witness points 
jump

Uninformative 
curvature

x*1 (T ), x*2 (T ) = argmin | |x1 − x2 | |2
2

s.t x1 ∈ 𝒜1, x2 ∈ 𝒜2(T )

Collision detection is non-smooth
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∇(0)
x gϵ(x) =

1
M

M

∑
j=0

− g(x + ϵz( j))
∇log μ(z( j))

ϵgϵ(x) = 𝔼Z∼μ [g(x + ϵZ)]

Randomized smoothing
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x*1,ϵ(T), x*2,ϵ(T) = 𝔼z [argmin | |x1 − x2 | |2 ]
s.t x1 ∈ 𝒜1, x2 ∈ 𝒜2(T ⊕ ϵz)

0th order estimator

Randomized smoothing - 0th order
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Collision detection optimality conditions  
& the implicit function theorem

f(x*, T) = 0

∂x*
∂T

= − [ ∂f(x*, T)
∂x* ]

−1 ∂f(x*, T)
∂T

Need the Hessian of support function, usually null/undefined.
We use Randomized Smoothing again.

𝒜1

𝒜2

x* = x*1 − x*2
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Need the Hessian of support function, usually null/undefined.
We use Randomized Smoothing again:

x
∇σ(x)

∇σ(x + ϵz)

x + ϵz
∇ϵσ(x)

𝒜

∂2σ𝒜,ϵ(x)
∂x2

=
1
M

M

∑
j=0

− ∇σ𝒜(x + ϵz( j))
log μ(z( j))

ϵ

σ𝒜(x) = max
y∈𝒜

yTx

∇σ𝒜(x) = S𝒜(x) = argmax 
y∈𝒜

yTx

Randomized smoothing - 1st order
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Finite differences Zero-order First-order

minT ∑
i=1,2

| |x*i (T) − x*i,des | |2 + | |x*1 (T) − x*2 (T) | |2

= C(T)
0 10 20 30 40 50

Iterations

10°7

10°6

10°5

10°4

10°3

10°2

10°1

C
os

t
va

lu
e Finite diÆerence, e =1e-3, M = 12

0th-order Gaussian, e =1e-3, M = 50
1st-order Gaussian, e =1e-4, M = 20
1st-order Gumbel, e =1e-5, nl = 5

Solving an optimization problem with collision detection derivatives



Conclusion
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