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Velocity is a field

• Vector field defined by

 =
𝑣
𝜔

𝑣𝐴 = 𝑣𝐵 + 𝐴𝐵 × 𝜔



Spatial velocity

• Following the derivations of angular velocity:
ሶ𝑀 = 𝜈 ×𝑀

𝐴𝑣𝑝 =
𝐴𝜈 × 𝐴𝑝

The spatial velocity 𝜈 defines a vector field of linear velocities

• Spatial velocities are transported by SE(3)
𝐴𝜈 = 𝐴𝑋𝐵
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Direct geometry
The geometric model is a tree of joints and bodies
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Direct (forward) kinematics
The geometric model is a tree of joints and bodies
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E = 1(q1,vq1) + 2(q2,vq2) + 3(q3,vq3) + … 

=     J1(q1)  vq1 +     J2(q2) vq2          +    J3(q3)  vq3       + …
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Robot Jacobian

• Transform joint velocities into Cartesian velocities

ሶ𝑝 = 𝐽3 𝑣𝑞
𝜈 = 𝐽6 𝑣𝑞

• If we know the reference velocity 𝑣∗ we want to see…

Search 𝑣𝑞 so that 𝑣 = 𝐽 𝑣𝑞 = 𝑣∗

min
𝑣𝑞

𝐽 𝑣𝑞 − 𝑣∗
2



Recap

pin.forwardKinematics(

model,data,q,v,a)

data.v[i],data.a[i]

pin.LOCAL

pin.WORLD

pin.LWA

pin.getFrameVelocity

pin.getFrameAcceleration

pin.getClassicalAcceleration

Evaluate the forward kinematics in

position, velocity and acceleration

Spatial velocities and accelerations of joints

Representation in local (joint, or frame) coordinates

Representation in world coordinates

Nonspatial representation "local world aligned"

Frame velocity from joint velocity data.v

Frame spatial acceleration

Classical acceleration [ ሷ𝑝, ሶ𝑤]



Optimal control

• X and U are functions of t:
X: t → x(t) nx

U: t → u(t) nu

• The terminal time T is fixed

min
𝑋,𝑈

න
0

𝑇

𝑙 𝑥 𝑡 , 𝑢 𝑡 𝑑𝑡 + 𝑙𝑇 𝑥 𝑇

s.t. ሶ𝑥(t) = f(x(t),u(t))



Problem definition

• X and U are vectors of dimension T.nx and T.nu resp.

𝑋 =
𝑥1
⋮
𝑥𝑛

, 𝑈 =
𝑢1
⋮
𝑢𝑛

• The information in X and U is somehow redundant

min
𝑋,𝑈



𝑡=0

𝑇−1

𝑙 𝑥𝑡, 𝑢𝑡 + 𝑙𝑇 𝑥𝑇

s.t. 𝑥t+1 = f(xt,ut )


