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Step 1 - What is collision detection?

2

Step 2 - How to formulate a collision 
detection problem

Step 3 - Solving a collision detection 
problem with Frank-Wolfe

Step 4 - Accelerating Frank-Wolfe: the GJK 
algorithm and beyond
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1 - HPP-FCL tutorial
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M1

M2

?

In the terminal:

In a python script:



1 - HPP-FCL tutorial
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M1

M2

?

In the terminal:

In a python script:

Calls GJK



1 - Collision detection is a computational bottleneck
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- ABA: ~ 1-10 micro-seconds 
- Collision detection timing for 1 pair  

of objects: ~ 1-10 micro-seconds 
- Contact solving: ~1-10 micro-seconds
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N objects in a scene  
-> O(N x N) possible collision pairs!



1 - Collision detection: broad phase vs. narrow phase
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- Use bounding volumes (BVs) to prune collisions

- Only check overlapping BVs
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1 - Collision detection: convex shapes decomposition
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Credit: https://github.com/Unity-Technologies/VHACD
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https://github.com/Unity-Technologies/VHACD
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Step 1 - What is collision detection?
Step 2 - How to formulate a collision 
detection problem
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2 - Collision detection: problem formulation
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min
x1∈𝒜1,x2∈𝒜2

1
2

| |x1 − x2 | |2
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2 - Collision detection: problem formulation
min
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If the shapes  
are meshes
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As many constraints 
as the number of faces 
in each polytope!
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2 - Collision detection: problem formulation
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What is GJK?  
Why is it so fast? 

GJK = Acceleration of 
Frank-Wolfe 
applied to a Minimum 
Norm Point problem (MNP)



2 - Collision detection: problem formulation
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What is GJK?  
Why is it so fast? 

GJK = Acceleration of 
Frank-Wolfe 
applied to a Minimum 
Norm Point problem (MNP)

- MNP? 
- Frank-Wolfe? 
- Acceleration?
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Step 1 - What is collision detection?
Step 2 - How to formulate a collision 
detection problem

Step 3 - Solving a collision detection 
problem with Frank-Wolfe
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3 - Recasting the collision problem to a MNP
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Broad Phase

Narrow Phase

No collision

𝒟 = 𝒜1 − 𝒜2 = {x = x1 − x2, x1 ∈ 𝒜1 x2 ∈ 𝒜2}
The Minkowski difference:
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Broad Phase

Narrow Phase

𝒟 = 𝒜1 − 𝒜2 = {x = x1 − x2, x1 ∈ 𝒜1 x2 ∈ 𝒜2}
The Minkowski difference:

No collision Collision
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Broad Phase

Narrow Phase

min
x1∈𝒜1,x2∈𝒜2

1
2

| |x1 − x2 | |2 min
x∈𝒟

1
2

| |x | |2

MNP

Broad Phase

Narrow Phase

𝒟 = 𝒜1 − 𝒜2 = {x = x1 − x2, x1 ∈ 𝒜1 x2 ∈ 𝒜2}
The Minkowski difference:

No collision Collision



3 - Recasting the collision problem to a MNP
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Broad Phase

Narrow Phase

min
x1∈𝒜1,x2∈𝒜2

1
2

| |x1 − x2 | |2 min
x∈𝒟

1
2

| |x | |2

MNP

Broad Phase

Narrow Phase

𝒟 = 𝒜1 − 𝒜2 = {x = x1 − x2, x1 ∈ 𝒜1 x2 ∈ 𝒜2}
The Minkowski difference:

No collision Collision

      Problem: the Minkowski difference is intractable.  
      Solution: work implicitly with the Minkowski difference  
      Algorithm: Frank-Wolfe



3 - The Frank-Wolfe algorithm
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−

min
x∈𝒟

f(x) f 𝒟convex, convex



3 - The Frank-Wolfe algorithm
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Collision detection: 

f(x) =
1
2

| |x | |2

𝒟 Minkowski difference of two shapes 

min
x∈𝒟

f(x)
−

f 𝒟convex, convex



3 - The Frank-Wolfe algorithm
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min
x∈𝒟

f(x)

Frank-Wolfe = “constrained gradient descent”

−

f 𝒟convex, convex



3 - The Frank-Wolfe algorithm
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min
x∈𝒟

f(x)

Frank-Wolfe = “constrained gradient descent”:

Step 1: Compute gradient                at current iterate  ∇f(xk) xk

−

f 𝒟convex, convex
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min
x∈𝒟

f(x)

Frank-Wolfe = “constrained gradient descent”:

Step 1: Compute gradient                at current iterate  

Step 2: Compute point                 “most” in direction  
 
              -> support point  

∇f(xk) xk

sk ∈ 𝒟 −∇f(xk)
sk = argminy∈𝒟 < y, ∇f(xk) >

−

f 𝒟convex, convex
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min
x∈𝒟

f(x)

Frank-Wolfe = “constrained gradient descent”:

Step 1: Compute gradient                at current iterate  

Step 2: Compute point                 “most” in direction  
 
              -> support point  

Step 3: Move towards       and repeat steps 1-3 

∇f(xk) xk

sk ∈ 𝒟 −∇f(xk)
sk = argminy∈𝒟 < y, ∇f(xk) >

sk

−

+1

f 𝒟convex, convex
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min
x∈𝒟

f(x)
−

?

f 𝒟convex, convex

Frank-Wolfe = “constrained gradient descent”:

Step 1: Compute gradient                at current iterate  

Step 2: Compute point                 “most” in direction  
 
              -> support point  

Step 3: Move towards       and repeat steps 1-3 

∇f(xk) xk

sk ∈ 𝒟 −∇f(xk)
sk = argminy∈𝒟 < y, ∇f(xk) >

sk



3 - Recap of collision detection with Frank-Wolfe
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min
x1∈𝒜1,x2∈𝒜2

1
2

| |x1 − x2 | |2 min
x∈𝒟

1
2

| |x | |2

MNP
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min
x1∈𝒜1,x2∈𝒜2

1
2

| |x1 − x2 | |2 min
x∈𝒟

1
2

| |x | |2

MNP

Frank-Wolfe = “constrained gradient descent”, needs to compute support points:

s = argminy∈𝒟 < y, ∇f(x) >



3 - Computing support points on shapes

35Louis Montaut - Collision Detection: An Optimization Perspective

Rigid-body algorithms (ABA, CRBA etc.)

S𝒜(d) = argmin 
x∈𝒜

xTd



3 - Computing support points on shapes
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Rigid-body algorithms (ABA, CRBA etc.)

Can be computed very efficiently 
 for most shapes

S𝒜(d) = argmin 
x∈𝒜

xTd



3 - Computing support points on a Minkowski difference
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Rigid-body algorithms (ABA, CRBA etc.)

S𝒜(d) = argmin 
x∈𝒜

xTd

s1 ∈ S𝒜1
(d)

s2 ∈ S𝒜2
(−d)

s = s1 − s2 ∈ S𝒟(d)
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min
x1∈𝒜1,x2∈𝒜2

1
2

| |x1 − x2 | |2 min
x∈𝒟

1
2

| |x | |2

MNP

Frank-Wolfe = “constrained gradient descent”, needs to compute support points:

s = argminy∈𝒟 < y, ∇f(x) >



Step 1 - What is collision detection?

39

Step 2 - How to formulate a collision 
detection problem

Step 3 - Solving a collision detection 
problem with Frank-Wolfe

Step 4 - Accelerating Frank-Wolfe: the GJK 
algorithm
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4 - Frank-Wolfe zigzags
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4 - From Frank-Wolfe to GJK
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4 - Nesterov accelerated Frank-Wolfe (or GJK)

42Louis Montaut - Collision Detection: An Optimization Perspective
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4 - Nesterov accelerated Frank-Wolfe (or GJK)
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DistantClose-proximityOverlapping DistantClose-proximityOverlapping



Conclusion
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